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CLIMB PATH FOR LEiv ;T  ELAPSED TIME 

The purposes of this note are to exanine the sritability of an enp.ineer- 
ing method which hus been in ust; for detbnuininp th« path a jet-powored air- 
plane should follow to achieve a specified speed and altitude in the least 
elapsed time, to indicate the conditions under which the method hecoraes un- 
realistic, and to suggast an alternative procedure.  Ideally, the optimum 
acceloration-cHiub path would bo obtained aa the solution of a variation pro- 

in very general form by Kapnua h. 
this problem has not been found. 

hlem; this problem has been written out 
Hestenes (RAM) BM-100). The solution of 
To obtain the method recommended In thi» paper the variation problem has been 
expressed in the least general form which still takes account of the important 
mechanisms influencing the time consumed by the airplane to accelerate and climb. 
The solution of the simplified problem is then approximated by a systematic 
construction.  In the recommended method the load factor, flight path angle, 
and the longitudinal acceleration are condidered and the elapsed flight time 
is expressed as the sum of two integrals, one corresponding to level flight 
acceleration and the other to the climb at (variable) high speed. The optimum 
path is at hand when the sun of the integrals is a minimum. 

While this note was in preparation 
interesting and fruitful discussions oi" 

1. First formulation of the problem. 

The present engineering method of 

, the writer had the benefit of several 
the problem with T. F. Kirkwood. 

climb path is now to be considered, 
on the following diagram. 

determining the optimum acceieration- 
The forces on the airplane are depicted 

g dt 
Centrifugal force: - V ~ 

g  dt 

T - thrust 

D ■ drag 

W • weight 

L » lift 

g «■ acceleration due to gravity 

t - time 

V * flight speed (assumed parallel to T) 

Apparently , ,„ 
T - D ♦ W sin 9 <• -• —■ 

(1) 
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hervce 

(T - D)V 
W g dt 

Let 

w 

V sin e 

R      ■    rate of climb for zero acceleration o 

dt a 

-    "static rate of climb1' 

actual rate of climb 

and assume that along the flight path 

V    -    VCh) 

Then 

«      .    R + VdV dli 
Ro    "    R +  g dh dt 

o/i      V dVv R(l + i ^ 
or 

dt 
(dh <■ - dV) 
 S ■   . ■ 

Thus the time to climb, '*., is 

A   • 

h1,v1 

(dh ♦ - dV) 
 g . .. 

h2.v2 

V1" gdh) dh 

R (2) 

Now R  ■ ** 5 '  where the thrvist, T, ia a function of altitude, h, and 
o        W \ 

velocity, V, and where the drag, D, depends not only on the altitude and velocity 
but also on the tangential acceleration and on the lift being furnished by the 
wing, which in turn is a function of weight, angle of clinb, and the load factor 
(i.e0, normal acceleration or centrifugal force). In the method of obtaining the 
best climb path being scrutinized, it is assumed that Ro is a function of altitude 

and velocity only, hence the influence of load factor and angle of climb are 
ignored. It is further assumed that the lift is equal to the weight in the 
climbing attitude» 

mmm 'mm*»*m»m 
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Consider the nvinerator  on the right in (2): 

1 ♦ V dV\ 
g dh) Ah 

On kinematic grounds, it is possible for this exproasion to vanish, namely 
whenever the sum of the kinetic and potential enorgiea of the airplane is con- 
stant.  This occurs phydicaily when the coaponent of the aircraft weight in 
the flight direction is sustained wholly by inertia. However, when it is assumed 
that R is a function of h and V only, the denominator of (2) does not necessarily 

vanish with the numerator and according to that expression the airplane can 
achieve altitude at the experse of speed in zero or negative elapsed time. 
Obviously, the elapsed tine is to some extent underestimated by (2) whenever 

-jr- is negative. Conversely, the eventuality JT^O entails overestination of 

of the elapsed time by (2) vdth R - R (h,V). 

It has been shown that the use of the formula 

*2,v2 
(dh ♦ - dV) 

R0 (h,V) 
(2a) 

for the dediiction of optimum flipht paths is unrealistic on the following counts: 
The airplane is restricted to small climb angles, the effects of load factor 
(centrifugal force) are not accounted for, and the time consumed in gaining 
altitude at the expense of speed (airplane partially inertia-bom) is underesti- 
mated. Apparently paths determined by means of (2a) luay not be correct. 

The engineering -srocedure for solving (2a) is to construct a chart of R 

versus V with contours of constant h using the characteristics of the specific 
airplane, and to draw on this chart a set of lines joining the initial and final 
poincs of altitud« and speed. The elapsed time along each path is calculated 
by numerical integration 
construction of addition, 
an optimum p-th is found, 
such that the conditions under which (2a) is valiu 
An improved proceduru is needed. 

of (2a). The trend of the results is a guide to the 
1 path contours, the process being continued until 
Unfortunately, the paths so obtained are usually 

and realistic are violated. 

2.  Preliminary variation-calculus arguments. 

Equation (2) is now exploited for qualitative information.  Assume that all 
oneration is at ma:d.mum power so that the airplane completes a climb at speeds less 
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h(o) - h1 - initial altitude 

h(l) - h^)  - final altitude 

V(o) - ?! " initial speed 

V(l) - v2 " final 8p8ed* 

(4) 

lu)  and such that 
/    (h'+|v')dS 

/     RoTh(^.vTs7T 
(5) 

i 

Is a minimum. 

Upon conduction the first variation of X vith respe 
simultaneous equations appear 

ct to h and V the following 

h" US 
3 V g a h 

a V   " g a h 

-   0 

-    0 

(6) 

(7) 

There are apparently two tlt.m.tlv..: 

a;  d~V ~ g ö h 
'Ro  VÜ 

or 

b) h' f»nd V' - 0 »^ ) 

In general (a) is not fulfilled (but ia^ fulfilled in ar. important consideration to 
follow), hence option (b) is to be sorutiniaed. It has been specified that h-> h,, 

therefore in view of (b) there exists no continuous h(J) such that h(l) > h(0) with 
h' - 0 except at a finite number of points; it follows that the problem specified 
by (l) and (3) has no minimizinp. solution. However, there does exist a lower limit 
of the elapsed time, which limit can be approached with arbitrary precision. 

A guide to finding the limiting flight path is obtained by relaxing the piece- 

wise continuous differentiability condition on h and V. Then if 

l ft »»r-.(« JTM-TI " » 
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dRo      V  dRo t * (8) 

one has that  except  at a finite number  of points 
I 

-    O 

Ü 

So when V 

dV dh    „    dV .' 
v    "    dhd5 cihh 

0, -ither f   -    0    or h'    -    0. 
(9) 

Alaoi 
V 
dV 
dh 

and when h'    -    0,   either v' 
dV -    0 or -£   - - 

(10) 

According to (9),  a change in altitude occurs at constart $,  therefore:     climb at 
constant velocity.    Similarly by (10), accelerate at constant altitude. 

To decide whether to accomplish the  changes in speed and altitude  in large or 
small steps,  consider again equation  (2).    The function R  (h,V)  decreases with 

altitude and, below the speed  for maximum static rate  o'' climb,   increases with 
speed.    Therefore, to minimize the elapsed time the rules are: 

(V less than speed, at h2, 

for maximum static rate of 
climb) 

on th. h,V   plan, on which the iollowinG equation holds 
There is one curve on the n,v   . 

a K VjRo 
(1 v- ' g ö h 

o. 

V max.    8y the nature of the R^tt,   } 
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% 
V 

> 6 -^ 

.  ,     * v,  ind h . V^ the corresponding point at h2; 
the point of this locus at h1, and h2c, v2o 

then if 

v. — V 2c 

it is advantageous to accelerate at constant altitude to the point h, , V.. ; 

climb along the locus 

Us 
d v 

- o, a h 

to h2 , V2 and then accelerate at constant altitude to V2. The case V2 < V, 

is not considered. 
It is to be emphasized that the flight paths suggested by the foregoing "rules" 

are only rough first approximations to the actual optictum paths. These paths are, 
of course, similar to those obtained by the engineering procedure previously described, 

3o Simplest (i.e. least general) realistic formulation of variation problem for 

acceleration - climb path of least elapsed time. 

In this paragraph, a least general realistic fonnulatior.of the climb problem is 
derived. This formulation is apparently too complicated for practical calculation 
but, in conjunction with the findings in paragraph 2, it motivates a suitable approx- 

imation method. 

Referring to equation (l) 

T 
W dV 

.    D + Wsin©*--^; 
CD 

Assuming a parabolic airplane polar, 

D - D  < ^2 
nqb e 

(ID 

where 

parasite drag of airplane 

induced drag 

airplane efficiency factor 

^#» MirjintrMTIAI 
I 
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b 

q 

vfingspan 

1 pV2 - dynamic pressure. 

The lift is 
Q W v de w cos e * -v — 

the second term being the centrifugal force. Thus, substituting in (1) 

T^.V) - D^V) ♦ Di (^VKcos 6 * ^)2 * W sin e * | V (12) 

W2 where D        «    —•   is the induced drag for level flight at the given speed and 

o uqb e 
altitude.    When the thrust, T, is written as a function of ^  and V only,  as in (12), 
the aseuaption is tacitly made that the thrust line is essentially parallel to the 
local tangent to the flight path.    It is convenient to make (12) dimeusionless by 
dividing each term by W, «nd to Introduce the notation 

iDV2i 
d0    '    V W    Do 2 

Di 2 io 1        * -   - 
c^io    "    T -    W^eipV2 

C,pV2  ; C, 
V 

wb^pv>      TV*'*2       *>** 

~        T(^.V) 

Then (12) is ' V 
rU.v)   -  ^,v).4>,v)(co36 + -)   -ine+g 

. 2 + i|(co8e.4)2+sine4 
1      ^ 

(13) 

f*.\    v<f}    and 6(t)  along the flight path. 
Equation (13)  relate, the function. pU). ^'^/^(t) la known (by virtue of 

The aSitude history, ^^, 1» of cour.ejcnown^ ^ ^^ ^^ ^ relatlon 

the star.dard atmosphere tables,   or    v 

h (t)    -    h1 * V sin 9 dt. 
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2C, 
cos 9 d 6 

gdt    - 
♦ dV ^V^Tv ̂coaBdVde . dV2 . 4^^2 (t^C^V^in^) 

(r- C^V2 - 3in e o cos    6) 
'1«- pr 

■i , HA rrprentlable functions f;(t), V(t), Thus the prohle. is to deten^ne c-U^^ f^entiab 
e(t)  such that the elapsed time, A,  is a 

gX   - 
2 (r-C^-sir^-— cos    9) 

dt.    (14) 

The analysis require» only piecewise continuous differöntiahility of p, V, 6; but 
the physical situation deletes the "piecewise". Actually only two of p, V, 9 ace 
required for a complete solution, the third being available through one of the 
following equations 

p - p(h(t))  ; h - hi * / V sin © dt 

9 

. dh / \ 
j   dp arcsin   « 

V - sin e 

.,   tn (ID  are quite complicated. That arising fro^ The Euler equations corresponding to (U)    ^ 
the variation with respect to p is 

•2 
'-§ cos2 e - c^v2 

2C_ • o 
+ —a v e cos e 

p2V 
_c v2 + ^|coa

2e-r. sih© 
1     pV2 

''2 
2C2e 2 ü2    2^/0-7- 2C ^V2 - 33ln Ö) -T + 

i*^IM5TPf5F'"T'Ä! 
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« Q -. 

sin e C2r- CjpV* - 3ln 9) 
!    fac^ft COB© / ain 9 - f >' (y2 - Ä5 C0828)J 

The equations corresponding to the variatione of V and 6 are of comparable complexity, 
Inasrauch as the constants C,, C2, and the dimensionlesa thrust function,f, are not 
universal but are characteristics of each particular airplane, it is obvious the 
-rneral integration of the three simultaneous equations of type (15) is impossible, 
and that their specific integration as a routine calculation is out of the question. 
This observation motivates the derivation of a now numerical experimental method of 
the type described in paragraph (l), which however takes into account the important 
influences of climb angle and load factor. And one has reason to fe«l that such 
methods constitute the only practical approach to the problem. 

4  Derivation of recommendod procedure. 

According to paragraph (2), the optimum path is expected to consist of a level 
portion at low altitude during which the airplane accelerates to a speed near the 
desired final speed, followed by a climbing portion at rather high speed (not 
necessarily constant) and terminated by a pull-up if the desired final speed is less 
than the climbing speed, or by a levelling-out if the final speed is to be greater 
than the climbing speed. Tho elapsed tines during the level and climbing phases 
are now separately expressed, and the optimum path is at hand when the sum of the 
expressions is a minimum. 

On the low-and-level phase, it is assumed that Ö ■ 9 «■ 0, hence, according 
to equation (13) the tine consumed in level acceleration from the Initial velocity 
V.. to the unknown initial climbing velocity V. is 

  dV .       (16) 
npp*) - 70 (^.v) -^lo (p^) 

Now thb rate of climb is V sin 6, hence referrinc again to equation  (13)» the 
elapsed time in the climb phase is 

/ 

.     /  dh  

\J       v [n..v) - ^(„v) - ^>,v)(cos e ♦ f J - |J 

and A    ■    J»_ ♦ ^_« a        c 

(17) 

■ ■^gt^.M. mm 
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The procedure is as follows: On a plane whose coordinates are altitude and 
speed, the initial and final points of the acceleration-climb path are plotted and 
are ,1olned by path lines of the kind shown in the diacrara below. 

-»-V 

The approxiinate elapsed time formula is then integrated numerically along the legs 
of the paths, and the trend of the s\!m X ■♦■ X is a guide to the construction of 

a   c 
improved path lines. The process is continued until an apparent minimum is dis- 
covered. The optimum paths for different airplanes having the same type of pro- 
pulsion system have of course a generic similarity which, when known, permits the 
construction of a first-guess path that ia near the optimum and thereby minimizes 
the computation labor required for the solution. 

Numerical integration by either the trapesoidal or Simpson rules is envisaged. 
The calculation of the integrand of (16) at selected points on the level path line 
is straightforward, but in the consideration of the climbing phase, several diffi- 
CMltios arise: 

a. At the beginning of the climb phase the denominator of (17), which is equal to 
V sin 6, is zero because Ö is zero throughout the level phase. When 9 ie zero, so 
also is dh; this indeterminacy must be removed in order to start the numerical 
integration. It is satisfactory to assume that during the first moments 
of the climb the airplane speed ia constant, sin 9 »> 8, cos 9 ■ 1 - Ä , and 

2 
that the rate of climb (ard hence 9) is quadratic in elapsed time. Thus, measuring 
time from the beginning of the climb 

t 
At the time t 

V sin 9 
Ah ißt3   t 

■ n p v 1 M > 
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JtiL 
V sin 0 

e - at*   -   "IG 

so 

which implies 

2 0 ve 

e 2V0* 
3Ah 

where all quantities in the last equation are measured at the time t. 

Under the stated assvurijtions, equation (13) is 

T v-Ho i1-!1^2 ^ 

IG 
i i^r - i e ♦ e 

Thus at time t -iAM^-.>le(^-o 
8V* 

3?Ah 

(18) 

- 2 

6 2ve' 
3Ah 

and the time consumed by the maneuver is 

e ve 

(19) 

(20) 

It is convenient to aeloct a Ah of about 500 feet; all other quantities in these 
expressions are then known in terms of the kj.own V and h. One is now in a 
position to continue the integration of (17) along the selected climb path. 

b. At subseouent points (labelled i>, b, 7, •••> j, ••• on the accoapanying 
figure) along the path line on the h, V plane, only h, V, and dh are definitely 

known, but 0, Ö, and V are required as well in order to calculate the integrand 
in (17) at these points,  following a suggestion.by Kirkwood, these quantities 
may be estimated by a continuing integration of 9 as follows: 

G^inDENTIAL 
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At rolnt J, h, v, .na § « too-., -i « P^« 3 - ^ •" "t'uirod <'"mtltle3 

are knoxn. I 

Let 

Then at J 

dh    ,  1 
dV    "  1 

(a negative quantity in the figure as drawn.) 

^    s   V ein 9    -   i V       =>     V    -    . V  sin 8 (21) 

Now 

r- «C ^io G09 e + 4^ + 3in e + i (13) 

so at 3 

Thus 

r -   /. . ,io (0oS e • B)2 . äl„ e (. • f ) 

cos 6 
J> 

(22) 

Provided that adequately small intervals of altitude  (say 1 or 2 thousand feet) 
separate successive points  J - 1,  J,   ..., a linear variation of 6 in oach interval 

may be  assumed.    Then 

hence 

e. 

e^  + eWL Ah 
ej-l + 2 ' TTsin Q) u~^y  3i.n Q) A 

2 

(e, - 94 J   (V  sin »)/♦   (V  8i"^J-lJ : .  _J t^L g-2 ^  e._, (23) 

The equation obtained by co.p.rinc expressions  (22)  and (23) ^ be ^ ^ 
r.cut^d-try,  whereupon  either expression may be used  to calculate .y    Finally. 

by (21) 
V      -    t) (V sin 0), 

j J 

'""' *7 'Cr" ""f" B .^ ! 
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When climbins at constant velocity, *j Is replaced by zero in the forefvdng »ciuationa, 

All the tools needed for the systematic compai^ison of selected  acxel^ration- 
cliinb paths  are now ut hand,    A set of calculations using these methods la in pre- 
paration and will constitute a subsequent report. 

€ 
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